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The development and commercialization of thin film lithium niobate on insulator (LNOI) has been making a strong impact on photonic integration, which has allowed production of various photonic structures of high optical nonlinearity and electro-optic (EO) tunability in a scalable manner [1, 2] . In particular, the LNOI has provided an ideal platform for the fabrication of high quality (high-Q) on-chip lithium niobate (LN) microresonators [3] [4] [5] [6] [7] of which the Q factors have approached that of LN microresonators fabricated by mechanical polishing and shaping [8] . Applications of such nonlinear microresonators include classical and quantum light sources [3, 5, 7, [9] [10] [11] [12] [13] [14] [15] , light modulators [6, [16] [17] [18] , optomechanics [19] , and integrated photonic systems [20] [21] [22] . Currently, these results are mainly achieved with LN microdisks fabricated using two approaches. The first approach combines femtosecond laser direct writing with focused ion beam (FIB) milling [3, 4, 23] , whilst the second approach utilizes electron-beam lithography (EBL) or photolithography followed by plasma dry etching [5] [6] [7] . Both approaches have routinely allowed fabrication of LN microdisk resonators of Q factors on the order of 10 6 . Generally speaking, the first approach, which is established completely based on direct writing processing, offers extreme flexibility for device prototyping. However, the second approach is superior in terms of scalability.
Since the FIB processing can provide a high fabrication resolution down to several nanometers, the first approach mentioned above also In this investigation, we used a commercially available X-cut LN thin film fabricated by ion slicing (NANOLN, Jinan Jingzheng Electronics Co., Ltd) [1] . The LN thin film with a thickness of 700 nm is bonded to a 2 μm thick SiO2 buffer layer coated on a LN wafer. To fabricate the LN microdisk PM, we first patterned the primary structure using femtosecond laser micromachining. Specifically, to minimize the contamination from the debris produced by femtosecond laser ablation, the LN wafer was immersed in water as the water can help prevent the debris from redeposition on the surface of LN disks. The femtosecond laser was focused by an objective lens with a numerical aperture (NA) of 0.8, generating a focal spot of a diameter with ~ 1 μm. The ablation, which began from the top of the LN thin film and ended at a depth of 8 μm, was conducted in a layer by layer manner by setting the layer thickness as 1 μm. The primary structure (i.e., the peanut-shaped structure shown at the left bottom corner of Fig. 1(a) ) fabricated by femtosecond laser micromachining was slightly larger than the designed LN microdisk PM, as its size would be further reduced in the FIB milling process. In particular, the two microdisks were connected side by side as the femtosecond laser ablation could not meet the gap fabrication requirement. In the second procedure, a tiny gap between the two microdisks were produced by FIB (Helios NanoLab 600 Dual
Beam, FEI, Thermo Fisher Scientific Inc.) milling with a beam current of ~500 pA. The trajectory of FIB milling followed two white circles was to define the boundary of microdisks, as shown in the middle of the bottom row of Fig. 1(a) . It is noteworthy that by properly choosing the parameters of the ion beam (e.g., beam current, depth, dwell time, etc.), we can fine tune the distance between the two microdisks to achieve strong coupling between the whispering gallery modes (WGMs) in two microdisks. In the last procedure, the fabricated structure was immersed in a buffered hydrofluoric acid ( When the pump laser power increased, strong nonlinear optical phenomena were observed at certain excitation wavelengths. The interference patterns of the strong SH waves are clearly visible along the peripheries of both the microdisks, as shown in the Fig. 4(a) . This confirms that under such a condition, the SH wave were in resonance with coupled modes in the PM. The spectra near the SH wavelength collected from the large microdisk at various pump powers are shown in Fig. 4(b) . When the pump power was set at 10.4 mW, only the SH peak at 782.73 nm was detected, and polarization measurement confirmed that it was quasi-transverse electric (TE) mode. Surprisingly, when the laser pump power was increased, new peaks started to appear in the vicinity of SH peak as evidenced in Fig. 4(b) . When the pump power was 14 mW, two equally spaced (4.6 nm) FWM peaks emerged symmetrically around the SH mode, with wavelengths at 778.09 nm (F1) and 787.37 nm (F2), respectively. As revealed by intensities (comparing to the pump intensity at SH wavelength) indicate the occurrence of stimulated Raman scattering [25, 26] .
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Since all the nonlinear spectral measurements mentioned above are carried out by collecting the signals from the large disk whilst the pump laser is coupled into the PM from the small disk, it is unambiguous that the two disks are efficiently coupled to each other. The top view image in Fig. 4(a) also provides a solid proof that mode coupling between the two microdisks has been achieved in the microdisk PM around the SH wavelength. In addition, based on the fact that the SH wave at 782.73 nm wavelength is polarized perpendicularly to the pump wave at 1565.46 nm wavelength, it is expected that the high conversion efficiency in SH generation should be a result of the so-called cyclic phase matching (CPM) [9, 27] , which allows for periodic transient phase matching in the X-cut microdisks as far as the constant effective refractive index of the quasi-transverse magnetic (TM) pump laser can intersect the oscillating effective refractive index of the quasi-TESH wave. In this manner, the CPM provides more flexibility in achieving the phase matched nonlinear optical conversion than the perfect phase matching mechanism [9, 10] .
One striking observation in our experiment is that the cascaded FWM and SRS are both realized around the SH but not the fundamental wavelength even though the fundamental wave is much stronger. We attribute this to the several facts as follows.
First, the short wavelength of the SH wave leads to the high mode density in the microdisks. In addition, when the modes in the microdisks are coupled to each other, mode broadening and splitting can occur. The combination of the high mode density and the mode splitting near ~780 nm wavelength makes it easy to realize the multiple resonance condition at the wavelengths that also satisfies the energy conservation relation 2ωSH=ωF1+ωF2. Here ωSH, ωF1, and ωF2 are frequencies of SH, F1, and F2, respectively. Second, we notice that the measured SH wave possesses a quasi-TE mode which is of an oscillating refractive index along the periphery of the large disk.
Meanwhile, the FWM signals F1 and F2 both possess quasi-TM modes for which the refractive indices are constant in the microdisk. Under this condition, the CPM can be 9 achieved again. When the multiple resonance and phase matching conditions are both fulfilled, it is straightforward to boost the efficiencies of the nonlinear processes. Since the phase matching condition is automatically ensured for the SRS in the WGM microresonators, it is less critical to generate the Raman lasing in the microresonators as has been reported by many research groups before [7, 25, 26] . Thus, all the Raman lasing signals are generated by the assistance of the cavity enhanced field of the SH wave in the coupled modes belonging to the microdisk PM system. 
